This paper investigates the effects of the number of coupon and element tests on uncertainty in element failure stress. In aircraft structural design, failure stress is first obtained from coupon tests, which is then used in predicting failure stress of structural element under combined loads. The mean and standard deviation of failure stress are expressed as a distribution due to errors in failure theory and variability due to finite number of coupon tests. This paper focuses on identifying the effect of the number of coupon and element tests on the distribution of failure stress of structural element. This paper assumes isotropic properties and the failure stress of structural element is assumed to be predicted by a failure theory (e.g. Von Mises), and initial distribution of this failure stress reflects uncertainties. Bayesian updating is used to reduce the uncertainties in the initial failure stress distribution by using element tests. The relation between the number of tests and the level of uncertainties is presented for a simple test case.
I. Introduction
HE traditional design practice of aircraft structures is based on safety factors and building-block test processes, which have evolved in tandem over many decades based on experience through trial and error in aircraft structures. For example, the Federal Aviation Administration (FAA) requires using A-basis (or B-basis) allowable failure stresses that are below 99% (or 90%) of the test failure stresses with 95% confidence. However, it is unclear how much the use of conservative failure stresses improves the safety of the system. Similarly, all aircraft structures are regularly inspected and repaired when large cracks are detected, but it is not quantified how much this process will improve safety. Although it is generally accepted that these processes improve product safety, only a few research results have tried to quantify their contribution to safety over the lifecycle of the product. Dhillon et al. [1] incorporated theses processes into evaluating reliability of industrial robots. Kale et al. [2] and Garbatov and Guedes Soares [3] used variable inspection schedules to maintain a constant level of reliability throughout the lifecycle. Kulkarni and Achenbach [4] modeled the effects of inspection schedule on the probability of failure using the probability of damage detection when uncertainty comes from the initial crack distribution.
Although there is a push to replace safety-factor-based design with probabilistic design, the latter cannot readily replace the former because current probabilistic design frameworks do not incorporate various uncertainty reduction measures (URMs) that happen after design. Instead, it uses only uncertainty information available at the design stage without considering future reductions through these processes, which is a major obstacle for the wide adoption of probabilistic design in most engineering industries. Therefore, it is important for the probabilistic design to include the effects of URM on structural safety; i.e., reliability.
II. Uncertainty reduction by structural element tests
In aircraft structural design, most complex modern aircrafts are designed based on simulations, which may have substantial prediction errors and material variability; i.e., uncertainties. Once the conceptual design is completed, simulation models are refined and extensive tests should be undertaken so that the structural safety can be achieved by taking steps to reduce uncertainties. For airliners, the building-block test is used as a process of error reductions through tests (see Figure 1 ). Before the design, dozens of coupon tests are carried out to measure stiffness and failure properties. A large number of coupon tests provide statistical information on the variability of the material properties. Then tests with structural elements are used to update failure prediction by adjusting the design failure stresses to the results of the tests. When going up the building-block pyramid, understanding deviations from analytical predictions becomes more difficult and the tests are more expensive; furthermore any modification can also be very expensive. The fundamental difficulty in the building-block tests is that since it is heuristically designed, it is difficult to quantify how much each level can reduce uncertainty, which is the main objective of this paper. Once the contribution of each level to the uncertainty is modeled, the design engineer can decide how much resources should be allocated to a specific URM, such as a particular set of tests, in order to achieve the target reliability at minimum cost. In this paper, only coupon tests and element tests are considered to demonstrate the main concept of URMs. The goal is to reduce the uncertainty in element failure stress prediction. The effect of the number of coupon tests and element tests on final uncertainty in element failure stress is investigated. In the following subsections, detailed assumptions and procedures are presented.
A. Errors in estimating failure stress from coupon tests.
Coupon tests are conducted to obtain the statistical distribution of material strength properties, such as failure stress, and their corresponding design values (A-basis or B-basis). In this paper, it is assumed that the true failure stress of coupons , 
SPECIMENS
In this paper, it is assumed that the failure stress is normally distributed so that the true distribution is estimated by estimating two parameters; mean and standard deviation. Two methods can be used to estimate the parameters of the true distribution: Bayesian or sampling method. In this section, the latter is used because the two methods have little differences and the latter is simpler. Appendix A shows the detail of comparison between the two methods.
The possible true failure stress of coupons, ,  so that they are modeled as random variables, it is rational to consider them as a distribution and the possible true failure stress in Eq. (2) has a form of the distribution of distributions. Of course, a test with a small number of specimens has large uncertainty, and it will lead to a wide distribution. With more specimens, this wide distribution will shrink and gives more accurate estimation.
It will be discussed next how to obtain the distributions of , (3) and (4)) the standard deviation of the mean was estimated to be 0.018 and the standard deviation of the standard deviation was estimated to be 0.013. The possible true distribution was obtained by double-loop Monte Carlo simulation. First we sampled means and standard deviations and then the actual failure stress from a normal distribution with the sampled mean and standard deviation. The resulting distribution, shown in Figure 2 
B. Errors in estimating failure stress of structural element tests
The second level in the building-block test sequence in Fig. 1 
where , e true  and , e true  are, respectively, the mean and standard deviation of the true failure stress of elements.
The Bayesian updating estimates the mean and standard deviation of the distribution. In the following we discuss the prior distribution used for the mean and standard deviation.
(1) Estimating the prior distribution of element mean failure stress
In the failure theory, there exists a relation between one-dimensional failure stress (e.g., , (11) is selected in order to make a positive error conservative. Readers are referred to An et al. [11] for additional discussion of the error bounds.
It was assumed that , 
In the following, the two PDFs in the integrand will be explained. 
Appendix C shows the detail of convolution integral. This PDF is a prior distribution of mean failure stress of structural element and will be updated using the Bayesian method. In predicting the mean failure stress, we considered the error in failure theory and the effect of finite number of specimens. However, in the case of standard deviation, the same standard deviation is used from the coupon test, neglecting the effect of additional scatter from the failure theory. When a random variable is normally distributed, the sampling distribution of standard deviation follows a chi-distribution [10] 
In the following, the two PDFs in the integrand will be explained as it was done for estimating the mean value. For given , 
This PDF is an initial distribution of standard deviation of element failure stress.
C. Bayesian Updating Approach
Element tests are used to update the prior distribution. Bayesian updating is used to reduce the uncertainty from failure theory and finite number of coupon tests. The updated joint distribution of the mean and standard deviation of the element failure stress is given as 
where ,, 
Note that it is not a probability distribution but conditional probability distribution. Subsequent tests are handled by the same equation with the updated distribution as the initial one.
III. Illustrative Examples
In these examples, the effects of the number of coupon tests and the number of element tests on the remaining uncertainty will be illustrated. True distributions of coupon test and element test are assumed to be normal. Structural test results are generated by sampling the true distributions. 201×201 grid is used to calculate a PDF of the possible true mean and standard deviation of coupon tests with regard to the number of coupon tests. In this study, a joint PDF of the possible true coupon mean and standard deviation are calculated so that analysis of the joint PDF is needed. In Table 2 , for the particular samples used, 30 samples provide more accurate estimate of the mean (estimate is equal to sample mean) than 70 samples, and more accurate estimate of the standard deviation than 50 samples. However, the estimates of the uncertainty are is substantially smaller for 70 than for 30. In addition, the estimated mean of , In this study, parameters of element test are estimated from the joint PDF of coupon test parameters. Due to the imperfect failure theory in estimation, the estimation has error. Each estimated element mean and element standard deviation has error, distributions of e  and e  are given below in Table 3 . n . In this study, a joint PDF of the possible true element mean and standard deviation are calculated so that analysis of the joint PDF is needed. Mean of coupon mean, mean of coupon standard deviation, standard deviation of coupon mean, and standard deviation of coupon standard deviation are shown in Table 4 for one particular set of element test results per coupon sample size. For the particular set used with 10 coupoon tests, the third element test with failure stress of 1.0927 happens to be very accurate, while the first and fifth tests are very inaccurate. . Contents are sorted by the number of coupon tests and the number of element tests. True parameters are used to generate random variables and used as a reference value for assessment purpose in Table 4 .
Since the element parameters are estimated from coupon test results, the estimated parameters have less uncertainty than the sampling uncertainties of element test. In Table 4 Table 4 . Since the results in Table 4 refelct the idiosyncrasies of the single samples used, we repeated the calculations 500,000 times, and the results are shown in In Table 5 . RMS error and MA (mean absolute) error of the mean However, the effect of the number of element tests is more noticeable. This reflects the fact that even after 10 coupon tests, the error due to inaccurate mean coupon failure stress is much smaller than the error in the failure theory that is addressed by element tests. The standard deviation of the mean of the coupon failure stress is seen in Table 3 to reduce from 0.024 to 0.008 by going from 10 coupons to 90. The element failure calculation is uniform with 10% bounds, which corresponds to a standard deviation of 0.058, and so it dominates the total error, and it can be reduced only by element tests. Consequently, for this case, With large MCS, the RMS error is a very close value to the true standard deviation of estimated mean , 

. It is observed that the estimated standard deviations in Table 4 . give approximate values of the RMS errors, comparison between the estimated standard deviations in Table 4 and RMS errors from 500,000 MCS is shown in 
IV. Concluding remarks
In aircraft design, some selected parameters are based on our engineering judgment rather than published data. We have been trying to quantify the effects of structural tests which has been done. The effects of aircraft structural tests on aircraft structural safety particularly the effects of the number of coupon tests and the number of structural element tests are explored. In this study, following conclusions can be drawn.
As the number of coupon tests is increased, initial prediction of mean failure stress of structural element becomes accurate and it provides a good prior. Also the estimated uncertainties can be given and the estimated uncertainties become accurate as the number of coupon tests increases.
Error in the estimation of mean and standard deviation of element failure stress can be substantially reduced with element tests. Effect of the number of element tests is substantial for reducing error in prediction of mean failure stress of structural elements.
In this paper, accuracies of the estimated mean and standard deviation failure stress of structural tests are estimated through estimating the standard deviation of the estimated element parameters.
APPENDIX A: Estimating Failure Stress of Coupon Test

A. Estimating failure stress of coupon test using Bayesian updating
A maximum likelihood distribution of coupon failure stress is used to estimate a distribution of coupon failure stress. Table A2 . So that it is interpreted that performances of estimating parameters are almost the same for both approaches. In comparison graph, little differences are observed between them and they are very close to the true distribution when the number of coupons is 1000.
Comparisons of two approaches will be given in Figure A2 . The possible true distribution of failures stress using two approaches will be shown in one graph with true distribution. Eq. (A4) is used for Bayesian approach, and Eq. (A7) is used for sampling approach to estimate failure stress of coupon test. Gaussian integration was used with wide enough integration range. In comparison graph, little differences are observed between them and they are very close to the true distribution when the number of coupons is 1000. The possible true distributions of failure stress from both approaches are almost the same distribution. 
APPENDIX B: Chi-distribution
